We analyze the transport properties of relativistic fluid composed of constituent quarks at finite temperature and density. We focus on the shear and bulk viscosities and study their behavior near chiral phase transition. We model the constituent quark interactions through the Nambu-Jona Lasinio Lagrangian. The transport coefficients are calculated within kinetic theory under relaxation time approximation including in-medium modification of quasi-particles dispersion relations. We quantify the influence of the order of chiral phase transition and the critical end point on dissipative phenomena in such a medium. Considering the changes of shear and bulk viscosities along the phase boundary we discuss their sensitivity to probe the existence of the critical end point.
INTRODUCTION
The shear η and bulk ζ viscosities are parameters that quantify dissipative processes in the hydrodynamic evolution of fluid. Furthermore, it has been argued that ζ and η are sensitive to phase transitions in a medium [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . Indeed for certain materials, e.g. helium, nitrogen or water, the shear viscosity to entropy ratio η/s is known experimentally to exhibit a minimum at the phase transition [5] . On the other hand, the bulk viscosity ζ/s was argued to be large at the critical point [7, 8, 9, 10] .
In QCD of particular interest are properties of transport coefficients near the critical line where deconfinement and chiral phase transition sets in. This is because any change of the bulk and shear viscosities near T c modifies the hydrodynamic evolution of the QCD medium and influences phenomenological observables that characterize its expansion dynamics.
The recent Lattice Gauge Theory (LGT) calculations in pure SU(3) seem to be consistent with the expectation of decreasing η/s and increasing ζ/s toward the first order deconfinement phase transition approaching from the high temperature phase [11, 12] . The properties of the energy-momentum tensor in the vicinity of the second order phase transition and its importance for the analysis of transport coefficients and their critical behavior have been also calculated and discussed within LGT for (3+1)-dimensional SU(2) gauge theory [13] . All these results show that the transport coefficients are of particular interest to quantify the properties of strongly interacting relativistic fluid and its phase transition [5] .
In the theory of critical phenomena, describing dynamical processes near critical point and their universal behavior, the transport coefficients in the second order phase transition can be quantified by a dynamical critical exponents z [14, 15] . These exponents are common for all models belonging to the same dynamical universality class. In general, the critical exponent z determines the critical slowing down of the system relaxation time τ ∼ ξ z ∼ |T − T c | −νz near the critical temperature T c with ξ being correlation length and ν its static critical exponent. It was argued that within the classification given by Halperin and Hohenberg the QCD critical end point (CEP) belongs to the universality class of the model H [16] . Consequently, both shear and bulk viscosities are expected to diverge at the CEP as η ≃ ξ zη and ζ ≃ ξ z ζ with dynamical critical exponent z η ≃ 1/19 and z ζ ≃ 3 respectively [15] . The analysis of experimental data obtained in heavy ion collisions at RHIC showed that the evolution of the quark gluon plasma (QGP) is well described by nearly ideal hydrodynamics [17] . It has been even argued that the QGP is in fact the most nearly ideal fluid known, with shear viscosity close to the conjectured lower bound in any system [18, 19] . Clearly, in the evolution of QCD medium its transport properties are changing when approaching the phase boundary. Thus, it is of importance to quantify the change of shear and bulk viscosities with thermal parameters near the phase transition expected in strongly interacting medium.
In this paper we explore the transport properties of relativistic fluid composed of constituent quarks at finite temperature and density. The dynamics of medium constituents is described by the chirally invariant four-quark interactions within Nambu-Jona-Lasinio (NJL) model [20, 21] . The model correctly describes the universal critical behavior of physical observables with static critical exponents that belongs to the QCD universality class with respect to chiral symmetry.
To calculate the change of the shear and bulk viscosities with thermal parameters, we assume that the system appears near equilibrium and we apply the kinetic theory under relaxation time approximation [22, 23, 24, 25, 26] . The relaxation time of quarks is obtained from the thermally averaged total cross-section of elastic scattering in the dilute gas approximation [3] .
In the NJL model under mean field dynamics the interactions of quarks lead to the quasi-particle description of thermodynamics with their masses M (T, µ) which are temperature T -and density µ-dependent [21, 27] . The dynamically generated mass acts as an order parameter for chiral phase transition. In our calculations of transport coefficients, following the method described in Ref. [24] , the constituent quark mass M (T, µ) is consistently built in. We quantify the influence of the order of the chiral phase transition and the critical end point on the shear and bulk viscosities. We show that the bulk viscosity is strongly increasing whereas the shear viscosity is decreasing when approaching the CEP from the side of chirally symmetric phase. These results are consistent with the expectation that the bulk viscosity could dominate dissipative hydrodynamics near CEP [7, 8] . Considering the changes of η and ζ along the phase boundary we discuss their sensitivity to probe the existence of the critical end point.
Within the kinetic theory and under linear response and relaxation time approximation used in this calculation, there is no access to the critical dynamics near second order transition where the properties of shear and bulk viscosities are quantified by dynamical critical exponents. In addition, in this formulation, the transport coefficients are finite with respect to static critical exponents [24] . Thus, the behavior of η and ζ is entirely governed by the non-singular part of the partition function. Consequently, the change of the shear and bulk viscosities with thermal parameters obtained in this paper may depend on specific model dynamics. Nevertheless, one expects that some of our results, e.g. that on the influence of the order of the chiral phase transition on η and ζ, could be relevant for qualitative understanding of transport properties in the QCD medium.
The paper is organized as follows: In Section 2 we introduce the NJL model and its thermodynamics. In Section 3 we describe the methods used to calculate the shear and bulk viscosity. We also quantify in this section the properties of the shear and bulk viscosity near the phase transition and along the phase boundary. Finally, in Section 4 we summarize our results.
THE TWO-FLAVOR NJL MODEL
In order to quantify the transport properties of fluid composed of constituent quarks near the chiral phase transition we use the Nambu-Jona-Lasinio (NJL) model [20] . This model exhibits basic properties expected in QCD due to the chiral symmetry restoration. We start with the following Lagrangian for two quark flavors and three colors [21] In the mean field approximation and for the isospin symmetric system the thermodynamics of the NJL model is described by the potential:
with M = m − 2G S ψ ψ being a dynamical quark mass, E( p ) = p 2 + M 2 the quasi-particle energy and f,f =
are the particle/antiparticle distribution functions. The dynamical quark mass M in Eq. (2.2) is obtained self-consistently from the stationarity condition ∂Ω/∂M = 0 that leads to:
The thermodynamic potential of the NJL model exhibits a typical QCD-like phase diagram shown in Fig. 1 . The cross-over transition is identified from the peak position of the chiral susceptibility
The CEP is obtained from the condition of the zerocurvature of an effective potential or equivalently from the divergence of the quark-number susceptibility. Our main goal is to quantify the transport properties of a medium composed of dynamical quarks with mass M (T, µ) near the chiral phase transition and along the boundary line shown in the Fig. (1) . In this context we explore the shear η and bulk ζ viscosities.
In the thermodynamic system η and ζ are sensitive to thermal and dynamical properties of a medium. To explicitly calculate transport coefficients we use the approach based on the relativistic kinetic theory.
TRANSPORT COEFFICIENTS
In the relativistic kinetic theory the transport parameters, the shear and the bulk viscosities, are defined as coefficients of the space-space component of the energymomentum tensor away from equilibrium.
For the fluid composed of quasi-particles with dynamical mass M (T, µ) and under the relaxation time approximation, the shear and bulk viscosities are obtained as follows [24] η = 4 5T
2)
The derivatives of pressure P with respect to the net quark number density n or energy density ǫ in Eqs. (3.1) and (3.2) can be expressed in terms of susceptibilities χ xy = ∂ 2 P/∂x∂y as
with C V being the specific heat calculated at a constant volume. The C V is also expressed through susceptibilities
To quantify the change of the above transport coefficients in quasi-particle medium one still needs to specify the relaxation time τ . The τ is calculated from the thermal averaged cross-section describing the total elastic scattering of medium constituents. In the NJL model the medium is composed from constituent quarks with two different flavors. Thus, in the dilute gas approximation the relaxation time τ is obtained from [19, 28] 
where n i are the quark/antiquark densities The in-medium cross section for quark-antiquark, quark-quark and antiquark-antiquark scattering processes were studied in detail in Ref. [3] including 1/N c next to leading order corrections. For uū → uū scattering the differential cross section is obtained from the T matrix as
where the average over the initial color and spin as well as the summation over final states were taken. We consider the rest frame of colliding quarks so that the differential cross section (3.7) is expressed as the function of the Mandelstam variables s and t. The integrated cross section is calculated from
In the above equation we have taken into account that the transport process is dominated by the large angle scattering [28] . The terms in the brackets correspond to the Pauli blocking factors which account for a possible occupation of particles in the final state. We also introduce the energy-averaged cross section
with P being the probability of yieldingpair with the energy s
where the relative velocity between two particles in the initial state v rel is given by
The normalization constant C is fixed from dsP (s; T, µ) = 1 . (3.12)
The differential cross sections for different quark flavors are obtained through the isospin symmetry, charge conjugation and crossing symmetry. The total cross section after the energy averaging reads σ q =σ uū→uū +σ uū→dd +σ ud→ud +σ uu→uu +σ ud→ud . (3.13) The dominant contribution to the total cross section (3.13) comes from the s-channel due to the propagation of π and σ modes. The mass of σ drops toward the critical temperature T c and due to chiral symmetry restoration is degenerated with the pion mass at T = T c . On the other hand, for T > T c , both π and σ masses are increasing with temperature. Consequently, the cross section σ(s = m 2 σ ; T, µ) shows singularity at T c [3] #1 . However, after the integration over energy s this singularity is mostly washed out in the total cross sectionσ q . As remnants of the above singularity a broad bump in thē σ q is seen arround T c [3] . Thus, the total cross section is non-singular even at the CEP.
#1 More precisely, the singularity appears at the pionic Mott temperature at which the pion mass becomes equal to the mass of its constituents, mπ = 2M . In the chiral limit the Mott temperature coincides with the chiral phase transition temperature. Fig. 2 shows the collision time calculated from Eq. (3.1) at finite T and at µ = 0. There is a clear decrease of τ when approaching the critical region from the chirally broken phase. One should realize that in spite of the phase transition the collision time is quite smooth around T c and experiences only a shallow minimum at the phase transition. This behavior is due to the total cross section which shows a similar broad structure around T c . The τ is large at low and small at high temperatures since the quark density is increasing function of temperature #2 . At the finite µ the total cross-section is larger than that at µ = 0 and the quark density increases while the anti-quark density decreases. Consequently, the collision time for quark τ and for anti-quarkτ behaves as
(3.14)
With the above results for the collision time applied in Eq. (3.1) we can calculate the transport coefficients in the quasi-quark medium and study their sensitivity to the chiral phase transition.
Bulk and shear viscosities near phase transition
The temperature and density dependence of the shear viscosity obtained in the NJL model under relaxation time approximation is shown in Fig. 3 . For low density the shear viscosity shows a shallow minimum near the pseudo-critical temperature. This behavior is similar as that observed in the collision time. The constituent quark mass decreases with temperature and the quark density is enhanced in the chirally symmetric phase which results in the rise of η at high temperature. Quantitatively the difference in η at µ = 0 and µ = 0 comes mainly from the density effect. Consequently, at the CEP and near the first-order phase transition, this effect should be even more significant. Fig. 3-(right) shows the change of shear viscosity when crossing the CEP and the boundary of the first order phase transition. As expected, the η shows discontinuity at the first order transition. At the CEP this discontinuity disappears, however there is still an abrupt change of η. One observes that the shear viscosity is decreasing toward the CEP and first order phase transition from the side of the symmetric phase.
When discussing the transport properties of relativistic fluid a natural normalization of shear viscosity is the entropy density s. In this way the η/s is dimensionless quantity that characterizes dissipation of energy in a medium. Fig. 4 shows the temperature dependence of the ratio η/s at vanishing and at finite chemical potential. The entropy density rapidly increases with temperature, #2 The behavior of τ at T ≪ Tc seen in Fig. 2 is specific for the NJL model where in the low-temperature phase the medium is composed only of heavy constituent quarks. thus the η/s is reduced in the high-temperature phase. A shallow minimum structure around T c for small µ is not preserved with increasing µ. From Fig. 4 -(right) one sees that η/s is insensitive to the existence of the CEP. At higher µ the ratio shows a jump associated with the first order phase transition.
From the general analytic expression for the shear and the bulk viscosities (see Eqs. (3.2) and (3.1)) one expects that ζ should be more sensitive to the phase transition than η due to explicit contribution of derivative terms involving a dynamical quark mass. Fig. 5 shows the temperature dependence of ζ for different µ. In the regime of cross-over transition the density dependence of ζ is much weaker than that seen in the shear viscosity. This is indeed due to ∂M/∂T and ∂M/∂µ terms that contribute to the bulk and are absent in the shear viscosity. The temperature dependence of ζ at finite µ is similar to that at µ = 0 as seen in Fig. 5-(left) . With the increasing chemical potential, the quark density effects start to be visible. The growth of ζ toward T c in Fig. 5-(right) is due to an increase of quark number density. At the CEP the bulk viscosity is finite in spite of the fact that all susceptibilities contributing to ζ are diverging [24] . Thus, at the CEP there is a precise cancelation of singularities from different terms in Eq. (3.2). Nevertheless, one observes a rapid downward change approaching the CEP from the low-temperature side. This reflects the change of the dynamical quark mass with temperature.
The ratio ζ/s, of the bulk viscosity to the entropy density, keeps basically a structure of ζ/Λ 3 . The suppressed entropy density due to the heavy constituent quark mass in low-temperature phase results in growth of the ratio shown in Fig. 6 . The rate of change in ζ/s with temperature at CEP is higher than that of η/s. However, the absolute value of ζ/s is smaller than η/s at CEP. This result is valid under relaxation time approximation where τ is always finite. However, when going beyond this approximation and including dynamical scaling [15] , the bulk viscosity should be singular at the CEP.
In the derivation of the bulk viscosity we have explicitly included in Eq. (3.2) the modification of particle dispersion relations due to a dynamically generated quasiparticle mass which is T and µ dependent. In Fig. 7 we quantify the influence of derivatives of a dynamical mass on the bulk viscosity. The full-line in this figure was obtained from Eq. (3.2) whereas the dashed-line was calculated by eliminating the ∂M/∂T and ∂M/∂µ terms from Eq. (3.2) . The behavior of ζ is largely governed by the dynamical quark mass M (T, µ) multiplied in front of (3.2) . Unlike the expectation that the bulk viscosity should be sensitive to the phase transition, there is no much difference in the above two cases. The enhancement of ∂M/∂T around T c is weakened by the pre-factor M 2 in Eq. (3.2). In addition, the contributions of different susceptibilities in Eq. (3.2) which are diverging at the CEP are canceled out, leading to a finite bulk viscosity at the critical end point [24] .
The NJL model, being non-renormalizable, requires the ultraviolet momentum cut-off Λ. Consequently, all thermodynamic quantities are affected by finite Λ. This is particularly the case in the parameter range where the physics is sensitive to a large particle momenta. Fig. 8 shows sensitivity of η/s and ζ/s to the momentum cutoff Λ T implemented in the thermal part of thermodynamic potential. We compare the results obtained with Λ T = Λ T =0 = 587.9 MeV and with Λ T =1 GeV. In high temperature phase we also show in Fig. 8 (pQCD) [22] #3 η (asymptotic) = 4π and with λ = 30 MeV.
As seen in Fig. 8 , both η/s and ζ/s are very sensitive to the momentum cut-off. However, at low T this dependence is opposite in shear and bulk viscosity. There is an increase of η/s and decrease of ζ/s with increasing Λ. This is due to derivative terms in the bulk viscosity which show steeper change with Λ. At high temperature the NJL model results tend to converge to that expected in pQCD. The bulk viscosity vanishes at high temperature, as expected in the conformal theory. However, due to the absence of gluons and the presence of the finite cut-off the shear viscosity deviates from their asymptotic value even at T ≫ T c . Fig. 9 shows the shear and bulk viscosities calculated along the chiral phase boundary obtained in the NJL model and shown in Fig. 1 . Two lines at high µ c indicate a gap associated with the first order transition. The shear viscosity increases along the cross-over line towards the CEP where it reaches its maximal value. The bulk viscosity is rather weekly changing with T in the regime of cross-over and exhibits a local minimum at the CEP. A little bump on the cross-over line before reaching the CEP is an artifact of the present NJL model calculation. In a more realistic calculation, this may disappear and the bulk viscosity smoothly goes down to the CEP. The η shows an upward jump approaching the first order transition from the low-temperature phase. This is an opposite behavior to ζ which shows a downward jump. The properties of the transport coefficients calculated within NJL model are not universal in spite of the fact that this model belongs to the QCD universality class with respect to chiral symmetry. In addition the shear and bulk viscosities are sensitive to particle composition of the medium and to specific model dynamics that enters to various collision processes. The shear and bulk viscosities do not show critical behavior with static critical exponents. Nevertheless, one expects that some generic futures of transport coefficients along the phase boundary calculated within the above model could be of interest for understanding transport properties of the QCD matter.
Viscosities along the phase boundary
From this perspective, a trace of in-medium change of the order parameter M (T, µ) remains more distinctly in the bulk than in the shear viscosity.
SUMMARY AND CONCLUSIONS
Based on the NJL model and kinetic theory we have shown the transport properties of thermal medium composed of dynamical quarks. We have included in our calculations in-medium modification of constituent quark dispersion relations. We have analyzed behaviors of shear η and bulk ζ viscosities near the chiral phase transition within the mean field approximation. The collision time required to quantify viscosity parameters was calculated from the elastic scattering cross-section of constituent quarks including next to leading 1/N c corrections.
We have shown that around the phase transition the shear viscosity exhibits only a shallow minimum for small chemical potentials. For higher µ corresponding to the first order transition and near the critical end point the shear viscosity is discontinuous or exhibits an abrupt change. However, when normalizing η by the entropy density s this abrupt change at CEP disappears. The bulk viscosity is more sensitive to the change of the dynamical quark mass around the phase transition, thus shows steeper behavior near T c , however stays nonsingular at CEP.
Along the chiral phase boundary the η/s is changing monotonically with critical parameters whereas the ζ/s has a local minimum at the CEP. Nevertheless, within the considered model and under relaxation time approximations none of viscosities could be considered as a useful probe of the critical end point in the phase diagram. We have to stress that due to the non-universal behavior of bulk and shear viscosity within these calculations our quantitative results are model dependent. However, we expect that qualitative behavior of η/s and ζ/s near the chiral phase boundary derived here could be less sensitive to the specific model dynamics since important change of the order paratmer is certainly incorporated in our formula.
